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You may assume G to be a finite group and all representations of G to be over C.

1. Give justifications for the following statements.
(a) If χ is the character of an irreducible representation of Sn not equivalent to the
sign representation, then

∑
σ∈Sn

sgn(σ)χ(σ) = 0.
(b) Let χ be an irreducible character of G. Then for every element g in Z(G), the
center of G, we have χ(g) = ζχ(1), where ζ is a root of unity.
(c) All characters of the symmetric group Sn are real.
(d) Order of a group G is odd if and only if G does not have any non-trivial real
irreducible characters. (5× 4)

2. (a) Define algebraic integers.
(b) Let φ : G −→ GLd(C) be an irreducible representation.
(i) Let g ∈ G and let h be the size of the conjugacy class of g. Then show that
hχφ(g)/d is an algebraic integer.
(ii) Show that d divides o(G). (4+10+6)

3. (a) Let σ : G −→ SX be a group action. Show that dim CXG, the fixed subspace of
the action of G on CX, is the number of orbits of G on X.
(b) Write down the character table of S4, with proper justification. (10+10)

4. (a) Let G be a group and H a subgroup of G. Let φ : H −→ GLd(C) be a represen-
tation of H. Define the induced representation IndGHφ of G.
(b) Let G be the dihedral group D2n = {rm, srm|0 ≤ m ≤ n−1}. Let H =< r >⊂ G.
For 0 ≤ k ≤ n−1, let χk : H −→ C∗ be the representation given by χk(rm) = e2πikm/n.
Determine IndGHχk. (8+12)

5. Compute the character table of S5. (20)


